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I n  many d e c i s i o n  and c o n t r o l  problems t h e  sys tem's  s t a t e  can b e  

observed o n l y  a t  c o n s i d e r a b l e  c o s t .  Typica l  examples i n c l u d e :  Tile 

c o n t r o l  of  a p o p u l a t i o n  of h y p e r t e n s i v e s  i n  which t h e  v a r i a b l e s  of 

i n t e r e s t  are t h e  awareness,  a t t i t u d e s ,  knowledge, and c o n t r o l  s t a t u s  of  

t h e  popula t ion  [l], [ 2 ] ,  [ 3 ] ;  machine i n s p e c t i o n  and replacement 1 4 1 ,  

[ 5 ] ,  [ 6 ] ;  and t h e  example which prompted t h i s  work, t h e  management of  

a randomly v a r y i n g  f i s h e r y  [ 7 ] ,  [ 8 ] ,  [ 9 ]  These problems s h a r e  t h e  

common c h a r a c t e r i s t i c s  of Markovian-like dynamics wi th  incomple te ly  

known s t a t e  informat ion .  

i t e r a t i o n  a lgor i thms f o r  computing opt imal  c o n t r o l  p o l i c i e s  f o r  such 

problems. The major assumptions i n  t h e  formula t ion  are t h a t  t h e  under ly ing  

dynamic process  i s  Markovian ( d i s c r e t e  t ime) and t h a t  t h e  s t a t e  dynamics 

process  i s  obscured between informat ion  s e e k i n g  a c t i o n s ,  which w e  term 

surveys .  

in format ion  on t h e  s t a t e  of t h e  process .  

This paper  d e r  ves e f f i c i e n t  p o l i c y  a n d v a l u e  - 

We also assume t h e  surveys  i n  g e n e r a l  p rovide  p e r f e c t  - 

The primary problem which motivated t h i s  r e s e a r c h  re la tes  t o  t h e  

management of a f i s h e r y  resource .  I n  essence ,  t h e  problem i s  t o  o u t l i n e  

e i t h e r  t h e  f i s h i n g  e f f o r t  o r  t h e  maximum p e r m i s s i b l e  c a t c h  i n  a time 

p e r i o d  (1 y e a r ) .  The s t a t e  of t h e  f i s h e r y  a t  a g iven  t i m e  can b e  d e f i n e d  

as  t h e  number of f i s h  p r e s e n t  o r  more g e n e r a l l y ,  a s  t h e  weight of t h e  

f i s h  p r e s e n t ,  t h e  biomass. The g e n e r a l  r e l a t i o n s h i p  i s  t h a t  t o o  l a r g e  

a c a t c h  i n  a p e r i o d  of  low biomass can  s e r i o u s l y  d e p l e t e  t h e  resource-- 

even eliminate i t .  The biomass can be a c c u r a t e l y  measured by surveying 

each y e a r  b e f o r e  t h e  f i s h i n g  season  commences. The problem w e  a d d r e s s  

is  how f r e q u e n t l y  should w e  survey?  

* b  
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This  paper  d e r i v e s  a lgo r i thms  f o r  two problems. The f i r s t  problem 

i s  t o  determine t h e  opt imal  survey i n t e r v a l  s ,  s - > 1, and t h e  opt imal  

c o n t r o l  f o r  t h e  system as a f u n c t i o n  of some i n i t i a l  s t a t e  of in format ion .  

“lie second more gene ra l  problem i s  t o  d e r i v e  c o n t r o l s  and survey t i m e s  

based on t h e  t i m e  s i n c e  a g iven  s t a t e  was l a s t  observed.  

The a lgo r i thms  are e f f i c i e n t  i n  t h e  sense  t h a t  they outperform t h e  

na ive  approach t o  t h e  problem. For a problem wi th  N s t a t e s  and the  same 

A a c t i o n s  p e r  s ta te ,  a s i m p l e  approach i s  t o  t ake  t h e  s-fold Car t c s inn  

product  of t h e  a c t i o n  space as  t h e  new a c t i o n  space ,  and r e d e f i n e  t h e  

expected one-period reward as t h e  expected reward from choosing any 

s -vec tor  of a c t i o n s .  

Markov d e c i s i o n  process  t h a t  r e q u i r e s  a s e a r c h  over  N * A  a l t e r n a t i v e s  

- 
This  re formula ted  problem i s  a completely observed 

S 

f o r  each i t e r a t i o n  of a success ive  approximation a lgor i thm.  The a lgo r i thms  

proposed i n  t h i s  paper r e q u i r e  a sea rch  over  a t  most N - A * s  a l t e r n a t i v e s  

and o f t e n  much fewer a l t e r n a t i v e s  than  t h a t .  For example, i n  YlO], a 

problem i s  so lved  w i t h  25  s t a t e s ,  26 a c t i o n s ,  and s = 4 .  For t h e  na ive  

approach,  t h i s  would r e q u i r e  a sea rch  over 11,424,400 a l t e r n a t i v e s  each 

i t e r a t i o n ,  whi le  t h e  a lgo r i thms  of t h i s  p a p e r  r equ i r ed  a sea rch  over  f a r  

fewer than t h e  2600 a l t e r n a t i v e s  p e r  i t e r a t i o n  upper bound. 

1. ANALYSIS AND THE BASIC ITERATION ALGORITHM 

I n  t h i s  s e c t i o n  w e  ana lyze  t h e  c o s t  of a g iven  p o l i c y  and d e r i v e  the  

va lue  i t e r a t i o n  and p o l i c y  i t e r a t i o n  a lgo r i thms .  We assume t h e  system 

can  be desc r ibed  by an N s t a t e  d i s c r e t e  t i m e  Markov p rocess .  Whenever 
.* 

t h e  process  i s  observed p e r f e c t  i n fo rma t ion  on t h e  s t a t e  i s  ob ta ined ,  

b u t  t h e  o b s e r v a t i o n s  need no t  be taken  each t i m e  pe r iod .  The p rocess  is  
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t h  c o n t r o l l e d  by choosing one of  A a l t e r n a t i v e s  each t i m e  pe r iod  wi th  t h e  a 

a l t e r n a t i v e  r e p r e s e n t e d  by a n  N x N  s t a t e  t r a n s i t i o n  matrix P(a)  and a 

reward v e c t o r  y ( a ) .  The o b s e r v a t i o n  o r  survey  p rocess  i s  assumed t o  t ake  

p l a c e  i n s t a n t a n e o u s l y  a t  t h e  beginning  of a t i m e  p e r i o d ,  b e f o r e  a c o n t r o l  

a l t e r n a t i v e  has  been s e l e c t e d  f o r  t h a t  time pe r iod .  We cons ide r  t h a t  t h e  

system w i l l  be  observed every s time u n i t s  u s i n g  a survey  which c o s t s  

C ( S ) .  Costs are d iscounted  by a d i scoun t  f a c t o r  B ,  0 B < 1. 

A c o n t r o l  po l i cy  i s  de f ined  by a sequence of f u n c t i o n s  6(i, s ' ,  rr), 

0 s '  

e l apsed  s i n c e  t h e  l a s t  survey  w a s  performed, i is  t h e  s t a t e  t h & y a s  

s ,  1 - -  < i < N ,  where s' i s  t h e  number of time u n i t s  t h a t  have 

observed a t  t h e  l as t  su rvey ,  and TT is  t h e  c u r r e n t  N-vector of s t a t e  

p r o b a b i l i t i e s  j u s t  p r i o r  t o  t h e  a p p l i c a t i o n  of S ( i ,  s ' ,  T). (The v e c t o r  

T T ~ )  where 71 is t h e  p r o b a b i l i t y  t h a t  t h e  i TT i s  w r i t t e n  TT = (TT TT 

dynamic p rocess  a c t u a l l y  i s  i n  s t a t e  i.) 

maximize t h e  expected d i scoun ted  rewards of o p e r a t i n g  t h e  system over  a n  

1' 2 ' " "  

W e  s e e k  a c o n t r o l  p o l i c y  t o  
_ -  

i n f i n i t e  hor izon .  A c o n t r o l  o r  d e c i s i o n  p o l i c y  f o r  f i x e d  s is  denoted by 

6 6(0), ..., us-1)) . ( 
For a f i x e d  i n t e r s u r v e y  i n t e r v a l  s t h e  c o s t  of a g iven  p o l i c y  i s  

developed by d e f i n i n g  f(i, s ' ,  T ) ,  0 5 s '  5 s as t h e  expected d iscounted  

reward of o p e r a t i n g  t h e  system given  t h a t  s '  t i m e  u n i t s  have e l apsed  s i n c e  

t h e  l a s t  survey, t h a t  i was t h e  s t a t e  observed a t  t h e  l a s t  survey  and t h a t  

TT i s  t h e  s t a t e  p r o b a b i l i t y  v e c t o r  s '  t i m e  u n i t s  s i n c e  t h e  l a s t  F g v e y .  

The f u n c t i o n s  f ( i ,  s ' ,  0 )  s a t i s f y  t h e  fo l lowing  s y s t e m  of equa t ions :  
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f ( i ,  s ,  IT) = ITf(0) - C(s) (1) 

where f ( 0 )  i s  t h e  column v e c t o r  ( f ( 1 ,  0 ,  e,), f ( 2 ,  0 ,  e 2 ) ,  . .., f (N,  0 ,  eN)) 

and ei is  t h e  s t a t e  p r o b a b i l i t y  v e c t o r  (0 ,  0 ,  ..., 0 ,  1, 0 ,  ..., 0) w i t h  

1 i n  t h e  ith p o s i t i o n  r e p r e s e n t i n g  p e r f e c t  o b s e r v a t i o n  of s t a t e  i. Note 

t h a t  f o r  a g iven  p o l i c y  6 t h e  s t a t e  p r o b a b i l i t y  v e c t o r  IT is completely 

determined by i and s ' ;  thus  e q u a t i o n  (1) can b e  more compactly r e p r e s e n t e d  

by s u p p r e s s i n g  t h e  dependence on i as fo l lows:  
-- 

f ( s ,  IT) = ITf(0) - C(s) (2) 

~- 
We n o t e  t h a t  f o r  any p o l i c y  6 t h e  f u n c t i o n s  S ( i ,  s ' ,  IT) s i m p l i f y  as  

fo l lows  : 

6 ( i ,  0, ei> = 6 ( i ,  0) 

6 ( i ,  1, n)  = 6 ( i ,  1, ~ ( 1 ,  i )  = 6 ( i ,  1) where 

0 n(1, i) = eiP 6 ( i ,  0) 

S ( i ,  2 ,  IT) = (1, 2 ,  r (2 ,  i )  = 6 ( i ,  2) where ) 
~ ( 2 , i )  = ~ ( 1 ,  i ) P  6 ( i ,  1) 0 

(3 )  
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The s t a t e  p r o b a b i l i t y  v e c t o r s  IT(1, i ) ,  T(2, i ) ,  ..., T ( S ,  i )  are c a l l e d  

t h e  descendents  of s ta te  i under p o l i c y  6,  and are impor tan t  t o  t h e  

a l g o r i t h m s  t o  fo l low.  Indeed, w i t h  t h e  descendents  i d e n t i f i e d ,  equa t ion  

( 2 )  is  a l i n e a r  system e a s i l y  so lved  f o r  t h e  column v e c t o r  f ( 0 ) .  It i s  

s t r a i g h t f o r w a r d  t o  show t h a t  an  op t ima l  p o l i c y  6 e x i s t s  t h a t  maximizes 

f ( s ' ,  71) f o r  a l l  s '  by n o t i n g  t h a t  f o r  f i x e d  s t h e  p rocess  i s  a p a r t i a l l y  

observed Markov p rocess  w i t h  N * s  s ta tes .  Ex i s t ence  fo l lows  from [ll]. 

* 

An op t ima l  p o l i c y  is  de f ined ,  i n  g e n e r a l ,  over a l l  p o s s i b l e  s t a t e s  

of knowledge a t  each p o i n t  i n  t i m e ;  however, i n  f a c t  i t  is  s u f f i c i e n t  t o  

cons ide r  on ly  those  s t a t e s  o f  knowledge t h a t  are descendents  o f_ iomple t e ly  

observed states. Any o t h e r  states of knowledge are i n  e f f e c t  t r a n s i e n t ,  

and once a survey  i s  performed w i l l  never r eoccur .  Thus t h e  problem i s  

reduced from cons ide r ing  N s t a t e s  a t  t i m e  s '  = 0 and t h e  s-1 (N-1)-dimensional 

s i m p l i c e s  of  s t a t e s  of knowledge t o  simply N s ta tes  a t  t i m e  s '  = 0 and N 

(N)-vec torsa t  each of t h e  s-1 succeeding  t i m e  p e r i o d s  between obse rva t ions .  

Thus an  op t ima l  p o l i c y  can be d e f i n e d  as t h a t  p o l i c y  6 (s)  t h a t  maximizes 

. -  

* 

f ( i ,  0) and f i ,  s ' ,  I T ( S ' ,  i) 1 - < s '  - < s ,  1 - -  < i < N. 

The e x i s t e n c e  of an  o p t i m a l  p o l i c y  allows us t o  c o n c e n t r a t e  on f i n d i n g  

a n  e f f i c i e n t  procedure  f o r  improving a p o l i c y  i n  o r d e r  t o  develop a p o l i c y  

i t e r a t i o n  a lgo r i thm.  We proceed by decomposing t h e  f u n c t i o n s  f ( i ,  s ' ,  IT) 

i n t o  f ( i ,  s ' ,  IT) = r r a ( i ,  s ' ) .  From equa t ions  (1) and ( 2 )  w e  can show t h a t  

t h e  column v e c t o r s  a ( i ,  s ' )  s a t i s f y :  

a ( i ,  s ' )  = y 6 ( i ,  s ' )  + BP S ( i ,  s ' )  a ( i ,  s '  + 1) ( > ( )  
a ( i ,  s )  = f ( s ,  0 )  - C(s)_l - 

where _1 i s  a column v e c t o r  of ones. - 

( 4 )  
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We can u s e  t h e  r e t u r n  f u n c t i o n s  of a g iven  p o l i c y  6 t o  f i n d  a p o l i c y  6 

t h a t  h a s  rewards a t  least  as g r e a t  as t h e  rewards from 6 .  

proven i n  theorem 1 below. 

This f a c t  is  

Before  s t a t i n g  and proving  t h e  procedure ,  w e  

need t o  examine more c l o s e l y  t h e  f u n c t i o n  f ( i ,  s ' ,  ?T>. I n  g e n e r a l ,  a 

g iven  p o l i c y  d e f i n e s  t h i s  f u n c t i o n  a t  N p o i n t s  i n  t h e  space TI, t h e  space  

of a l l  p o s s i b l e  s ta tes  of knowledge. These N p o i n t s  are t h e  descendents  

of each s ta te  i a t  t i m e  s ' .  I n  o r d e r  t o  say  one p o l i c y  has  an  improved 

expected reward over ano the r  p o l i c y ,  we must be  a b l e  t o  d e f i n e  f ( i ,  s ' ,  .rr) 

a t  v a l u e s  of ?T which a r e  no t  one of t h e  N descendents  of t h e  g iven  p o l i c y .  

Note t h a t  f o r  a g iven  p o l i c y  6 ,  f ( i ,  s ' ,  TT) - m(i ,  s ' )  cor responds  t o  t h e  

c o s t  of app ly ing  p o l i c y  S ( i ,  s ' ) ,  S ( i ,  s '  + I), ..., S(i, s-1) s t a r t i n g  a t  

t i m e  s '  w i th  s t a t e  of i n fo rma t ion  ?T. 

---') 

C l e a r l y ,  w e  should  choose t h e  sequence 

S ( i ,  s ' ) ,  6 ( i ,  s '  + 1) ... t h a t  maximizes our expected reward. Thus w e  can 

l e t  f ( i ,  s ' ,  ?T) = max na(R, s ' ) .  This  d e f i n i t i o n  a l lows  f ( i ,  s ' ,  ?T) t o  be  

w e l l  de f ined  over t h e  e n t i r e  space  E. 
R 

(A r i g o r o u s  proof f o r  t h e  s u f f i c i e n c y  

of t h i s  d e f i n i t i o n  can be found i n  Ell].) 

We can  i d e n t i f y  a new p o l i c y  6 based on 6 as fo l lows :  

where t h e  a ' s  a r e  de f ined  r e c u r s i v e l y  

h 

where R achieved t h e  i n n e r  maximum i n  (5) .  
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I n  e s sence ,  a new p o l i c y  is found f o r  each s ta te  and each i n t e r s u r v e y  t i m e  

p o i n t .  

a re  t.he descendents  of i f o r  t h e  new p o l i c y  6 .  

h A 

The p o i n t s  G(1, i ) ,  r ( 2 ,  i), ..., r(s-1, i )  t o g e t h e r  w i th  ? ( s ,  i )  

We now prove t h a t -  d i s  a n  
h h 

improved p o l i c y  over  6.  

A 

Theorem 1. a )  The expected v a l u e  of fo l lowing  p o l i c y  6 ( s )  

greater  than  o r  equa l  the expected v a l u e  of fo l lowing  p o l i c y  6 ( s )  

h a v i n g  just observed s t a t e  i. That i s ,  

A 

f ( i ,  0) > f ( i ,  0) f o r  each i - 
CP 

A * * 
b) I_f 8 .maximized f ( i ,  s )  - _  f o r  a l l  i then 6 - 6 such  t h a t  6 maximizes 

i, s ' ,  7T(s', 1 )  r ( s ' ,  i) i_S the s'-th descendent o f  i under  
* 

p o l i c y  6 . 

Proof .  L e t  f ( i ,  s ' ,  ~ ( s ' ,  i ) )  be t h e  "improved" v a l u e  a f t e r  app ly ing  

( 5 ) .  A t  s '  = s ,  

which i s  nonnegat ive  s i n c e  maximums are taken  i n  (5 ) .  

s '  = s ,  s-1, s-2,  ..., j i t  i s  t r u e  t h a t  f ( i ,  s ' )  - f ( i ,  s) - > 0 f o r  

a l l  states i. Then a t  s '  = j-1: 

Suppose f o r  
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t h e  last  i n e q u a l i t y  a g a i n  because ( 5 )  i m p l i e s  f i n d i n g  a maximum. By 

d e f i n i t i o n ,  r(j-1, i)P 5 r ( j ,  i ) .  A t  j ,  $(j) w a s  found t o  

have been an  improved p o l i c y  f o r  r ( j ,  i). This i m p l i e s  

Combining equa t ions  (7 )  and (8) w e  have 

The i n d u c t i v e  proof y i e l d s  t h e  d e s i r e d .  r e s u l t  t h a t  T ( i ,  0) f ( i ,  0) 

f o r  a l l  states i. The improvement a l g o r i t h m  (5) starts wi th  a n  i n i t i a l  

v a l u e  f(O),  and adds a v a l u e  equal t o  t h e  s -per iod  expected reward of 

p o l i c y  6 .  L e t  G ( i ,  6) be  t h e  expected s -per iod  reward when s t a t e  i is  

observed a t  t h e  su rvey ,  and p o l i c y  6 i s  followed. Then ( 5 )  and (9)  imply: 

h A 

h 

- 
f ( i ,  0) = G ( i ,  8) + BS.fi(s+l, i ) f ( O )  (10) 

- 
Define  A ( i )  = f ( i ,  0) - f ( i ,  0 ) ,  l e t  i ( i ,  0) b e  t h e  v a l u e  of  8 
c a l c u l a t e d  i n  t h e  p o l i c y  e v a l u a t i o n  s t a g e ,  and l e t  A f ( i )  = f(i, 0) - f ( i ,  0).  

Then i t  fo l lows  from s t anda rd  arguments i n  Markov d e c i s i o n  p rocesses  t h a t  

A 

A f ( i )  = A(i )  + G(s+l, i)Af (11) 

m h  

The remainder of t h e  proof of p a r t s  a )  and b)  fo l low as i n  [ 
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S u b s t i t u t i n g  (6)  i n t o  ( 7 )  w e  have 

y i e l d s  f o r  0 - < s '  - < s-1: 

A 

i)) - f ( i ,  s ' ,  IT(s', i ) )  = A(i, SI )  -- 
r 7 

+ B f i, s '  +1, G < S '  +1, I)) - f ( i ,  s '  +1, a s '  +1, i))] i^( (9)  

h A h 

and f o r  s :  i, S , T ( S ,  i)) - f ( i ,  s ,  ~ ( s ,  i ) )  = n ( s ,  i) [?(O) - f(O)] . 

Equation (9) and t h e  f a c t  t h a t  A ( i ,  s ' )  - > 0 imply t h a t :  

L e t t i n g  s '  = 0 ( f o r  which G ( 0 ,  i) = 'rr(0, i )  = e i ) proves p a r t  a )  of t h e  

theorem. 

P a r t  b )  of  theorem gua ran tees  t h a t  nonoptimal p o l i c i e s  w i l l  always be  

improved. 

(5) b u t  t h a t  6 

To prove t h e  a s s e r t i o n  w e  assume t h a t  6 cannot  be improved by 
* # 6 is  op t ima l .  Op t ima l i ty  i m p l i e s  t h a t :  

* 
f i, s ' ,  7r * ( S I ,  i ) )  2 f(i, S I ,  ( s ' ,  i,) *( rl, (11) 
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Noting t h a t  f o r  f i x e d  s t h e  s e t  of a l l  p o l i c i e s  i s  f i n i t e ,  w e  now 

Fig. 1 

r i g .  2 

have t h e  rudiments f o r  a p o l i c y  i t e r a t i o n  a lgo r i thm.  

t h e  op t ima l  survey  interval--which may b e  unbounded--we would compute an  

op t ima l  p o l i c y  and i t s  expected r e t u r n  f o r  i n c r e a s i n g  i n t e r v a l s  u n t i l  

I n  o r d e r  t o  de te rmine  

i n c r e a s i n g  t h e  survey  i n t e r v a l  f u r t h e r  d e c r e a s e s t h e  expected rewards f o r  

some s t a t e  i immediately a f t e r  obse rva t ion .  

summarized i n  t h e  next  s e c t i o n ,  t h e  op t ima l  p o l i c y  and/or  op t ima l  v a l u e  

I n  u s i n g  t h e  a lgo r i thms  

f u n c t i o n s  de r ived  f o r  a n  i n t e r v a l  of l e n g t h  s are used t o  i n i t i a l i z e  t h e  

i t e r a t i o n s  f o r  f i n d i n g  a n  op t ima l  p o l i c y  and v a l u e  f o r  an  i n t e r v a l  of 

l e n g t h  s+l. 

f i n d  t h e  op t ima l  p o l i c y  and/or  v a l u e  f u n c t i o n  f o r  each sampling i n t e r v a l  

s > 1. 

I n  p r a c t i c e ,  t o  d a t e ,  on ly  a few i t e r a t i o n s  a r e  req&red t o  - -  

* 
2 .  POLICY AND VALUE ITERATION ALGORITHMS FOR F I N D I N G  6 

* 
The a lgo r i thm t o  f i n d  6 f o r  f i x e d  s is  summarized i n  F igu re  1. For 

C(s) = 0 and s = 1 t h e  a l g o r i t h m  reduces  t o  t h e  s t a n d a r d  p o l i c y  i t e r a t i o n  

a lgo r i thm.  

F igu re  2 summarizes a n  e q u i v a l e n t  v a l u e  i t e r a t i o n  a lgo r i thm.  For 

C(s>  = 0 and s = 1, t h e  a lgo r i thm desc r ibed  is  J a c o b i  i t e r a t e s  of s u c c e s s i v e  

approximations.  

t h e  lower bounds g iven  i n  [ 1 2 ]  are n o t  v a l i d  except when C(s)  = 0 and s = 1. 

The usual upper bounds, as i n  [ 1 2 ]  are s t i l l  v a l i d ,  however, 

3. MAXIMAL INFORMATION ALGORITHM 

The a lgo r i thms  of  t h e  preceding  s e c t i o n  do n o t  make f u l l  us& of t h e  

a v a i l a b l e  in fo rma t ion  i n  t h a t  they do no t  a l low surveys  t o  occur--if  

warranted--before t h e  o b l i g a t o r y  survey  i n t e r v a l  s. 

r e l a x  t h i s  r e s t r i c t i o n ,  and augment t h e  p o l i c y  a l t e r n a t i v e  space  by a 

I n  t h i s  s e c t i o n  we 



10 

survey a l t e r n a t i v e .  The survey ,  i f  chosen, i s  assumed t o  occur  immediately 

fo l lowing  a t r a n s i t i o n ,  i . e . ,  a t  t h e  start  of  a new t i m e  p e r i o d ,  and does  

n o t  consume a time p e r i o d .  I f  t h e  survey i s  chosen a t  t h e  s t a r t  of a t i m e  

per iod  i n  e f f e c t  two a l t e r n a t i v e s  a r e  chosen: f i r s t  t h e  survey a l t e r n a t i v e  
T 

and then  a r e g u l a r  a l t e r n a t i v e  based on t h e  p e r f e c t l y  observed s t a t e  

obta ined  from t h e  survey .  It  is  s t r a i g h t f o r w a r d  t o  modify t h e s e  assumptions 

t o  a l l o w  f o r  surveys  t h a t  r e q u i r e  a f u l l  t i m e  per iod .  

We proceed by modifying e q u a t i o n  ( 2 )  t o  i n c l u d e  t h e  survey  a l t e r n a t i v e .  

We denote  t h e  survey a l t e r n a t i v e  as a l t e r n a t i v e  A + 1 .  A s  above, w e  assume 

a survey w i l l  b e  performed fo l lowing  t h e  sth i n t e r v a l  u n l e s s  performed 

b e f o r e  t h a t  t i m e .  The c o s t  of a g iven  p o l i c y  6 f o r  t h e s e  assumptions i s  

given by (121, where t h e  p o i n t s  ~ ( s ' ,  i )  a r e  t h e  descendents  of t h e  p o l i c y  6 .  

For 0 - < s' 5 s-1: 

By d e f i n i n g  f ( i ,  s ' ,  IT) = maximum ~ c i ( R ,  s ' )  a s  i n  s e c t i o n  1, w e  c o n s t r u c t  

t h e  p o l i c y  improvement a l g o r i t h m  as fo l lows:  

found by 

h 
R 

An improved p o l i c y  6 is  



T ( S ,  i ) y ( a >  + BT(s ,  i ) P ( d f ( O )  

~ ( s ,  i ) f ( O )  - c ( s )  

A 

S ( i ,  s )  = argmax 
a ,  A+1 

I T ( S ,  i ) y ( a )  + Bmam(s, i ) P ( a ) a ( R ,  s '  + 1) 

T ( S ,  i ) f ( O )  - c ( s )  

R A 

S ( i ,  s ' )  = argmax 
a ,  A + l  

A 

where t h e  a ' s  a r e  de f ined  r e c u r s i v e l y  as 

G ( i ,  s)  = y 6 ( s )  + BP 8(s) f ( 0 )  (7 ( )  

A 

where R achieves  t h e  i n n e r  maximum i n  (13) .  
7 

k 

The improvement a lgo r i thm w i l l  converge t o  a p o s s i b l y  subopt imal  

p o l i c y  t h a t  i s  t o  a p o l i c y  a t  least opt imal  f o r  some survey  i n t e r v a l  

s '  < s.  Suppose t h a t  a p o l i c y  i s  reached t h a t  w i l l  always survey  a t  

an i n t e r v a l  s '  less than  s. Then t h e  states T ( i ,  j), s '  < j 5 s are 

t r a n s i e n t ,  i n  t h e  sense  t h a t  once a survey i s  performed, they  w i l l  

never  be reached.  The a lgo r i thm i n  (13) must be  pe r tu rbed  t o  cons ide r  
L' 

t h e  p o s s i b l y  t r a n s i e n t  p o l i c i e s .  To do t h i s ,  a t  s' - 1 a n  improved 

p o l i c y  must b e  found by sea rch ing  over  a l l  two-period p o l i c i e s ,  t h a t  is: 

~ ( s '  - 1, i > y ( a )  + Bmrucn(s' - 1 ) P ( a ) & ( i ,  s ' ,  a ' >  

T ( S '  - 1, i ) f ( O )  - c ( s )  e 

a ' ,  A+1 A 

6 ( i ,  s '  - 1) = argmax 
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h A 

The r e s u l t  is  a p a i r  o f  p o l i c i e s  S ( i ,  s' - 1) and S ( i ,  s ' )  = a ' .  With 

t h i s  p e r t u b a t i o n  added i f  t h e  a l g o r i t h m  converges t o  a p o l i c y  t h a t  w i l l  

always survey  w i t h i n  an i n t e r v a l  8'  -c s ,  t h e  improvement a lgo r i thm can 

be  seen  t o  gua ran tee  t h a t  nonoptimal a c t i o n s  w i l l  be improved, as w e  now 

show. 

Theorem 2 .  & t h e  g e n e r a l  case i n  which surveys  ( p e r f e c t  s t a t e  

informat ion)  are allowed b e f o r e  t i m e  p e r i o d  s ,  the expected v a l u e  o f  

fo l lowing  t h e  p o l i c y  6 g iven  i n  equa t ion  (13), having j u s t  observed s t a t e  

i, $ greater than o r  equal t o  t h e  expected .cost of fo l lowing  p o l i c y  6 ,  i . e .  

-- - 
I\ 

-- -- 

b A 

f ( i ,  0 )  > f ( i ,  0 )  f o r  a l l  i - 

* In  a d d i t i o n ,  i f  6 ( s )  cannot be improved, then  6 = 6 . - - - -  

Proof:  

Assume t h a t  6 ( i ,  s ' )  = A + 1. Then nominally 6 ( i ,  SI'), s 

undefined. We d e f i n e  t h i s  a l t e r n a t i v e  t o  be t h e  A + 1st (survey)  as 

fo l lows:  I f  S ( i ,  s ' )  = A + 1, then  6 ( i ,  s") = A + 1 f o r  s 

With t h i s  d e f i n i t i o n ,  f ( i ,  SI', n) = f ( i ,  s ' ,  n) and t h e  proof proceeds  as 

E s s e n t i a l l y  t h e  same a s  theorem 1, w i t h  t h e  fo l lowing  d e f i n i t i o n .  

SI' > s '  i s  

s" 2 s ' .  

i n  theorem 1. 

A p o l i c y  i t e r a t i o n  a lgo r i thm and a v a l u e  i t e r a t i o n  a lgo r i thm f o r  

F igs .  3 , 4  t h e  maximal in fo rma t ion  c a s e  are desc r ibed  i n  F igu res  3 and 4 .  

4 .  AN EXAMPLE 

To i l l u s t r a t e  t h e  a l g o r i t h m s ,  w e  cons ide r  Howard's toymaker problem 

[ 4 ] ,  revamped t o  a l l o w  f o r  surveys  t o  p rov ide  s t a t e  in fo rma t ion .  

o r i g i n a l  problem h a s  t h e  fo l lowing  parameters :  

The 
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~~ ~~~ 

S t a t e  i A l t e r n a t i v e  a pij  (a) y(a, i )  

1. No a d v e r t i s i n g  0.5 0.5 6 

0.8 0 .2  4 2. Adver t i s ing  1. S u c c e s s f u l  toy 

1. No r e s e a r c h  0 .4  0 . 5  - 3  

0.7 0 .3  -5 2 .  Research 
2 .  Unsuccessful toy 

W e  employ a d i s c o u n t  ra te  of 8 = 0.9 ; the  opt imal  s o l u t i o n  f o r  t h e  completely 

observed problem i s  6(l, 0) = 6 ( 2 ,  0) = 2 ,  f ( 1 ,  0) = 2 2 . 2 ,  f ( 2 ,  0) = 1 2 . 3  

w i t h  C(s) = 0. 

To a d d r e s s  t h e  problem wi thout  p e r f e c t  in format ion  a t  each t i m e  p e r i o d  

w e  expand t h e  a l t e r n a t i v e  s p a c e  t o  c o n s i d e r  f o u r  a l t e r n a t i v e s  i n c l u d i n g  one 

i n  which both a d v e r t i s i n g  and r e s e a r c h  occur .  

Alternative a 

Adver t i s ing /  

no r e s e a r c h  

No a d v e r t i s i n g /  

no r e s e a r c h  

No a d v e r t i s i n g /  

r e s e a r c h  

Adver t i s ing /  

re se ar ch 

Survey 

[::: ::: 3 
[ ::: ::: 3 
[ ::: ::: ] 
[ ::; ::: 3 

-- 

Y ( a )  

[-: 1 
[-: 1 

[-:I 

L 



Fig. 5 

i S '  

1 0 

1 1 

1 4  

We a r b i t r a r i l y  choose C ( s )  = 0.20, and beg in  t h e  a lgo r i thm w i t h  s = 1, 

e q u i v a l e n t  t o  p e r f e c t  o b s e r v a t i o n  each t i m e  p e r i o d  a t  a c o s t  C ( s ) .  

beg in  wi th  6 ( i ,  0 )  = 1, 6 ( i ,  1 )  = survey  and f i n d  t h a t  a n  o p t i m a l - p o l i c y  

We 

* * 
Pol i cy  6 ( i ,  s ' )  Return f (i, s ' )  

Survey 

and i t s  r e t u r n s  are  as fo l lows :  

2 0 

2 1 Survey 

We proceed t o  s = 2 beginning  t h e  i t e r a t i o n  wi th  a n  o p t i m a l  p o l i c y  f o r  s = 1. 

Then S ( i ,  s ' )  = 6 ( i ,  s ' ) ,  s '  = 0 ,  1 and w e  se t  S ( i ,  2 )  = su rvey .  A f t e r  
* 

i t e r a t i o n s  t h e  s o l u t i o n  i s :  

3 Proceeding t o  s = 3 and s t a r t i n g  w i t h  6 ( i ,  s ' )  = S 2 * ( i ,  s ' ) ,  s '  = 0 ,  1, 2, 

i t e r a t i o n s  w e  f i n d  t h e  s a m e  w i th  6 '( i ,  3) r e p r e s e n t i n g  su rvey ,  i n  - 
op t ima l  c o s t  and c o n t r o l  and conclude t h a t  s = 2 i s  op t ima l .  

I t  i s  i l l u s t r a t i v e  t o  cons ide r  t h e  s e n s i t i v i t y  of a n  op t ima l  p o l i c y  

(and op t ima l  v a l u e  of s )  t o  changes i n  C(s). Figure  5 shows t h e s e  changes. 

Note t h a t  f o r  C ( s )  - > 1.00 i t  i s  op t ima l  not t o  survey .  
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5. SUMMARY AND CONCLUSIONS 

The a lgo r i thms  p resen ted  i n  t h i s  paper g e n e r a l i z e  p o l i c y  i t e r a t i o n  t o  

t h e  c a s e  of p e r i o d i c  p e r f e c t  obse rva t ion  of  a lfarkov p rocess .  The a lgo r i thms  

are based on an a n a l y s i s  of t h e  p rocess  as a p a r t i a l l y  obse rvab le  Markov 

d e c i s i o n  p rocess .  The r e s u l t i n g  a lgo r i thms  appear t o  be h igh ly  e f f i c i e n t ,  

r e q u i r i n g  on ly  a few extra i t e r a t i o n s  f o r  each s t a g e  s .  

The p o l i c y  i t e r a t i o n  a lgo r i thms  have been programmed i n  APL and have 

been run  i n t e r a c t i v e l y  on t h e  computer a t  t h e  Na t iona l  I n s t i t u t e  of  Heal th /  

a DEC 10) and on t h e  U n i v e r s i t y  of  H a w a i i ' s  I B M  370/158. 

a lgo r i thms  have been programmed i n  FORTRAN and have been run  on t h e  U n i v e r s i t y  

The v a l u e  i t e r a t i o n  

of H a w a i i ' s  I B M  370/158. Fu r the r  computa t iona l  expe r i ence  w i t h  t h e s e  a lgo r i thms  

on r e a l  l i f e  f i s h e r i e s  problems are  r e p o r t e d  i n  [ l o ] .  (Reference t o  t r a d e  names 

does no t  imply endorsement by t h e  Na t iona l  Marine F i s h e r i e s  S e r v i c e ,  NOAA.) 

Another p o t e n t i a l  use  f o r  t h e s e  a lgo r i thms  is  i n  s o l v i n g  machine 

i n s p e c t i o n  and replacement problems. 

problem i n  a s t r a i g h t f o r w a r d  f a s h i o n  w i t h  a minimum of computa t iona l  

e f f o r t .  More i m p o r t a n t l y ,  t h e  a lgo r i thm a l lows  t h e  machine i n s p e c t i o n  and 

The a lgo r i thms  s o l v e  t h e  renewal 

replacement problem t o  be modeled and so lved  i n  more d e t a i l  t han  t h e  u s u a l  

two o r  t h r e e  s t a t e ,  two o r  t h r e e  a c t i o n  problem. Using t h e  v a l u e  i t e r a t i o n  

a lgo r i thm,  w e  have so lved  a 25 s t a t e  problem w i t h  26 a c t i o n s  p e r  s t a t e  f o r  

s = 4 i n  s l i g h t l y  over  2 minutes of CPU t i m e ,  i n c l u d i n g  time t o  compile t h e  

program and t o  c a l c u l a t e  from a problem de f ined  on a continuous s t a t e  space  

t h e  t r a n s i t i o n  p r o b a b i l i t i e s  and reward vector on a d i s c r e t e  g r i d .  

problem t h i s  s i z e  would be  i m p r a c t i c a l  t o  s o l v e  u s i n g  e i t h e r  t h e  n a i v e  

A 

approach of forming a n  e q u i v a l e n t  completely observed problem, o r  e lse  by 

u s i n g  t h e  a l g o r i t h m  f o r  a f u l l  s c a l e  p a r t i a l l y  observed Markov d e c i s i o n  
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problem given  i n  [ I l l .  

less r e s t r i c t i v e  assumptions than  t h e  r e g e n e r a t i v e  s topp ing  a l g o r i t h m  

d i scussed  i n  [ 

The a lgo r i thm can a l s o  s o l v e  l a r g e r  problems wi th  . 

I n  a l l  t h e  examples w e  have so lved  s o  f a r ,  i n fo rma t ion  seek ing  h a s  been 

found t o  b e  c o s t l y .  

added t o  t h e  expec ted  r e t u r n  f u n c t i o n  by surveying  more f r e q u e n t l y ,  w h i l e  

t h e  su rveys  themselves have been expens ive .  Y e t  decisionmakers appear t o  

s t i l l  f a v o r  f r e q u e n t  surveys .  W e  can s p e c u l a t e  two r easons  f o r  t h i s .  

F i r s t l y ,  managers may b e  i n c o r r e c t  i n  t h e i r  v a l u a t i o n  of in fo rma t ion .  

Secondly, t h e  in fo rma t ion  may be deemed impor t an t  e i t h e r  t o  improve t h e  

t r a n s i s t i o n  p r o b a b i l i t y  model, o r  e l se  as a f i n a l  s a fegua rd  o r  hedge a g a i n s t  

r i s k .  Mar t in  [13]  c o n s i d e r s  su rvey ing  c o s t s  i n  a Bayesian c o n t e x t  i n  o r d e r  

t o  de te rmine  more’ a c c u r a t e l y  t h e  t r a n s i t i o n  p r o b a b i l i t i e s .  

f u t u r e  r e s e a r c h  would be t o  combine ou r  approach wi th  h i s  i n  o r d e r  t o  

Over a broad range  of v a l u e s  of s ,  l i t t l e  v a l u e  is 

An area of  
I 

e s t i m a t e  t h e  t r a d e o f f s  of i nc reased  v a l u e  by n o t  su rvey ing  b u t  decreased  

c e r t a i n t y  about  t h e  e s t i m a t e s  of  t h e  t r a n s i s t i o n  p r o b a b i l i t i e s .  



Pol i cy  improvement s t a g e  
A 

6 ( i ,  s )  = argmax[r (s ,  i > y ( a >  + B ~ ( s ,  i ) P ( a ) f ( O ) ]  
a 

A * 
I f  p o l i c y  6 = 6 ,  then  6 = 6 

I 
Pol i cy  e v a l u a t i o n  

For p o l i c y  6 ,  c a l c u l a t e  f ( i ,  s ' ) ,  0 - < s '  - < s from t h e  fo l lowing  

equa t ions  : 

f ( i ,  s )  = IT(S,  i ) f ( O )  - C(s) 

where r ( i ,  0) = e i ; T ( s ' , i )  = r ( s ' - 1 , i ) P  

C a l c u l a t e  a ( i ,  s ' )  from t h e  fo l lowing  equa t ions  

a ( i ,  s ' )  = y 

a ( i ,  s )  = f ( 0 )  - C(s)A 
-~ 

Figure  1. P o l i c y  i t e r a t i o n  f o r  f i x e d  s .  



Choose v a l u e  f u n c t i o n  

5' > 0 

dl 
f 1 

h 

a ( i ,  s )  = f ( 0 )  - C ( S ) $  

1 
I 

A 

f ( i ,  s ' )  = max[n(s' i > y ( a >  + ~maxn(s1, i )P(a)G(R,  s '  +I>] 
a R 
* * 

wi th  a and R t h e  maximizing arguments above: 
* * A  * * 

G ( i ,  s ' >  = y ( a  + B P ( ~  > a ( a  s ' + I )  ; 8 < i ,  s ' )  = a 

If maximum change i n  f (0) 5 E, STOP I 

S e t  f ( i ,  0 )  = G ( i ,  0) 

Set 6 = 8 
- -~ 

Figure  2 .  Value i t e r a t i o n  a l g o r i t h m  f o r  f i x e d  s .  



P o l i c y  e v a l u a t i o n  

For p o l i c y  6 ,  c a l c u l a t e  f ( i ,  s ' ) ,  0 - < s' - < s from t h e  equa t ions :  

c a l c u l a t e  t h e  a ( i ,  s ' )  from: 

y ( & ( i ,  st)) +f iP (G( i ,  s '$a(i ,  s '  +I> i f  6 ( i ,  s ' )  # A + 1  i f ( O )  - C ( S ) &  i f  6 ( i ,  s ' )  = A + 1  

a ( i ,  s ' )  = 

a ( i ,  s) = f ( 0 )  - C ( S ) i  
i 

i, s '  +ly7T.(s' +1, i)) if 6 ( i ,  s ' )  # A + 1  

K ( S ' ,  i ) f ( O )  - C ( s )  i f  S ( i ,  s ' )  = A + 1  

I P o l i c y  improvement 

n * 
I f  6 = 6, t hen  6 = 6 

F igu re  3 .  P o l i c y  i t e r a t i o n  f o r  v a r i a b l e  survey  i n t e r v a l .  



i I Choose va lue  f u n c t i o n  

\Ir 1 Choose p o l i c y  6 = ( 6 ( i ,  SI)) I 
C a l c u l a t e  descendents  D = [ ~ ( s ' ,  i ) ]  

> 
i .e.  ~ ( 0 ,  i) = ei ; T ( S ' ,  i )  = IT(5' - 1, i ) P  6 ( i ,  s '  - l)), s '  2 0 - 

I 

* *  
With a , R t h e  maximizing arguments above, c a l c u l a t e :  

* * A  * 
y ( a  ) + P ( a  )a(R , s '  + 11, a # A i f ( 0 )  - C(SQ , a = A  

A 

a ( i ,  s ' )  = 

\L 
I f  maximum change i n  f ( 0 )  < E, STOP 

F igure  4 .  Value i t e r a t i o n  f o r  v a r i a b l e  survey i n t e r v a l .  


